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Equivalent Level of Safety Approach to Damage-Tolerant
Aircraft Structural Design
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A theoretical approach to damage-tolerant structural design has been proposed based on a probabilistic charac-
terization of relative structural safety. The equations necessary to quantify damage-tolerant structural safety are
developed, and their use in the design of a generic composite sandwich panel are demonstrated. Structural safety
is identi� ed by the term level of safety, which is de� ned, for a single inspection event, as the compliment of the
probability that a single � aw size larger than the critical � aw size for residual strength of the structure exists and
that the � aw will not be detected. The equations derived from this de� nition incorporate a probabilistic treatment
of damage sizes and inspection capabilities. Utilizing damage size data from existing composite aircraft compo-
nents along with the level of safety, formulas, design charts for residual strength vs safety of a generic composite
sandwich panel were constructed. An example design problem is presented that demonstrates the sensitivity of
the facesheet thickness sizing parameters to the relative safety of the design. Bayesian statistical techniques are
also incorporated to enable the subsequent use of service inspection data to reduce uncertainty in the damage size
distributions and to update the structural level of safety value as service experience is acquired.

Nomenclature
A = random variable for damage size
a = sample damage size from domain A
ac = critical damage size
a50 = median detection probability for log-odds probability

of detection model
D = binary random variable for damage detection state,

value of 1 means damage is detected
E1 = modulus in � ber direction
E2 = modulus in matrix direction
f A.a/ = probability density function of A
G12 = shear modulus
i = damage location
j = damage type
k = shape factor for log-odds probability

of detection model
NL = total number of damage locations
NT i = total number of damage types at i th location
n = number of sample damage sizes used for Bayesian

updating, or number of � aws present in binomial
distribution

P.Y / = probability of Y
PD.a/ = probability of detection for damage size a
p.a/ = probability density function of actual damage size
p0.a/ = probability density function of detected damage size
s2 = sample variance of new damage size data
X = strength in � ber direction
y = log of detected damage size
Ny = sample mean of new damage size data
Z = random variable for number of damages

present in structure
z = sample damage number from domain Z

Received 2 March 2000;accepted for publication1 February 2001. Copy-
right c° 2001 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved. Copies of this paper may be made for personal or
internal use, on condition that the copier pay the $10.00 per-copy fee to
the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA
01923; include the code 0021-8669/02 $10.00 in correspondence with the
CCC.

¤Professor, Department of Aeronautics and Astronautics, Box 352400.
†Graduate Research Assistant, Department of Aeronautics and Astronau-

tics.
‡Visiting Scientist, Department of Aeronautics and Astronautics.

°L T = maximum shear strain
"L = maximum longitudinal strain
"T = maximum transverse strain
µ = scale parameter for lognormal detected

damage size distribution
¹ = number of � aws present in structure,

or log of the detected damage scale parameter
º12 = Poisson’s ratio
¾ = shape parameter for lognormal detected

damage size distribution

Introduction

T RADITIONAL design procedures for aircraft structures are
based on a combination of factors of safety for loads and

notch, scatter, or knockdownfactors for strength.Both the factorsof
safety and knockdown factors have been obtained from the past � ve
decades of design experience on metal aircraft. There are at least
two fundamentalshortcomings to this approach. First, because they
were developed for conventionalcon� gurations,metallic materials,
and familiarstructuralconcepts,these traditionalproceduresmay be
dif� cult to apply to aircraft that haveunconventionalcon� gurations,
use new material systems, or contain novel structural concepts. A
second shortcoming is that measures of safety and reliability are
not available for existing airframe components.As a result, it is not
possible to determine with any precision the relative importance of
various design options on the safety of the aircraft. This situation
can lead to excessive weight with no corresponding improvement
in overall safety.

Probabilityand statistical techniquescan be applied to the design
of damage tolerant structures and would allow a direct comparison
to be made between two competing designs based on quantitative
values for structural safety. A signi� cant body of research has been
conductedon the applicationof probabilisticdesign methodologies
to composite aircraft structures. Gray and Riskalla1 and Long and
Narciso2 have recently compiled two excellentsummaries of result-
ing capabilities.Most of this work is focusedon developinggeneral
design tools for integrated probabilisticmodeling of loads, geome-
try, material properties, and failure mechanisms. Rouchon’s work3

and the work at the Russian Central Aerohydrodynamic Institute4

are some of the few examples that deal with the effects of inspec-
tion capability and inspection scheduling on probabilistic damage
tolerant design.To date, however, little research has been published
investigatingthe interactionof inspectionprobabilityand actual and
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detecteddamagesizedistributionsfor compositestructures.Further-
more, statistical methods are available that would enable the use of
service inspectiondata to update the structural safety risk for a � eet
of aircraft on a continuousbasis. The work presentedhere proposes
a simpli� ed approach for de� ning damage tolerant structural safety
based on a probabilistic characterization of damage sizes and de-
tection methods. Bayesian statistics are applied to the probability
distributions to update the design reliability results as new damage
size data become available.

Formulation
Modern damage-tolerantdesignphilosophyrequires that damage

accumulatedduring the service life of a component be detected and
repaired before the strength of the component is degraded beyond
some design threshold. A good way to quantify the relative safety
of a structure is with the term level of safety (LS), which is de� ned
as the compliment of the probability that a � aw size larger than the
critical � aw size for residualstrengthof the structure is incurredand
that the � aw will not be detected5:

LS D 1 ¡ PF D 1 ¡ P.A ¸ ac; D D 0/ (1)

In this context, LS refers strictly to the reliability of detecting all
damage sizes greater than critical.This de� nition assumes that only
a single � aw is present and that it is not growing with time. The
probability of failure (PF) is the joint probability of detection state
and damage size:

PF D P.A ¸ ac; D D 0/ D
Z 1

ac

fD;A.0; a/ da (2)

The detection state is a binary random variable and is conditional
on the size of the damage present,

fD;A.0; a/ D fD.0 j a/ f A.a/ (3)

Rede� ning theprobabilitydensityfunctions(PDFs)andsubstituting
gives the de� nition for PF

PD.a/ D fD.1 j a/ (4)

p.a/ D f A.a/ (5)

PF D
Z 1

ac

p.a/[1 ¡ PD.a/] da (6)

This form of the relation between damage detection capability and
damage size distributionwas investigatedby Berens and Hovey for
cracks in metal aircraft structures.6 However, the derivation is such
that it is general enough to be applicable to any structural dam-
age mechanism that can be parameterizedby a single characteristic
dimension.

The distribution of actual damage in a structure can never be
completely characterized because the observed damage sizes are
always � ltered through the detection probability of the particular
nondestructiveevaluation (NDE) techniquebeing used. An alterna-
tive formulation for the PF can be derived that is independent of
actual damage size distribution. The joint distribution of detection
state and damage size can be rewritten using Bayes’s law as

fD.1 j a/ fA.a/ D f A.a j 1/ fD.1/ (7)

Rede� ning the PDFs and rearranginggives a de� nition for theactual
damage size distribution:

p0.a/ D fA.a j 1/ (8)

p.a/ D fD.1/[p0.a/=PD.a/] (9)

For Eq. (9) to be a valid PDF, both sides of the equation must
integrate to one. This yields a value for a normalizing constant that
is de� ned as

fD.1/ D

( Z 1

0

p0.a/

PD.a/
da

)¡1

(10)

Substituting for the actual damage size distribution, the new PF
relation is

PF D
Z 1

ac

p0.a/

PD.a/
[1 ¡ PD.a/] da

¿ Z 1

0

p0.a/

PD.a/
da (11)

The de� nition for LS presented so far assumes a single inspection
event at a � xed point in time and that only a single discrete-source
� aw is present in the structure. If the LS for a single � aw in a
structural detail is given by the value p, then the probability of
� nding z � aws in a structure that has n � aws present is given by
a binomial distribution, assuming each � aw is independent of the
others:

P.Z D z/ D
³

n
z

´
pz.1 ¡ p/n ¡ z (12)

For structural safety, all of the � aws larger than the critical size must
be detected, so that z D n and

P.Z D n/ D pn (13)

By analogy, the overall LS for multiple � aws can then be rewritten
as

LS D f1 ¡ PFg¹ (14)

For multiple damage mechanisms and damage locations in a struc-
ture, the overall LS is the product of all of the individualLS values:

LS D
NLY

i D 1

NTiY

j D 1

f1 ¡ PFi j g¹i j (15)

Probability Models
The equations that so far de� ne the concept of LS [Eqs. (1), (6),

(11), and (15)] are general enough to be applicable to any damage
type or structural con� guration, when it is assumed that the resid-
ual strength behavior and damage detection characteristics can be
parameterized by a single characteristic dimension. The choice of
which probability models to use in the formulas, however, is de-
pendent on the damage mechanism being modeled, structural con-
� guration, material system, operating condition, loading, and any
other constraints relevant to the damage-toleranceproblem. Berens
and Hovey7 and Berens8 have conductedextensiveresearch to char-
acterize probability of detection (POD) models for cracks in metal
aircraft structures,with a cumulative lognormaldistributionused to
model hit/miss responsedata. Rummel and Matzkanin approximate
the lognormal distributionby a log-odds model.9 Unfortunately,ef-
forts to extend this work to composites have so far been minimal.
For the purposes of this analysis, the lognormal/log-odds model is
assumed to apply equally well to composites in this study.

The form of the POD model is such that the POD goes to zero as
the damage size approacheseither zero or some minimum detection
threshold. The PDF of detected damage p0.a/ will also go to zero
then,as the damagesizeapproacheszero.When Eq. (9) is examined,
it can be seen that the form of the PDF for actual damage p.a/ is
proportional to the rates at which the POD curve and the detected
damage PDF approach zero. If the POD curve goes to zero faster
than the detected damage PDF, then the PDF for actual damage
will asymptotically go to in� nity as the damage size approaches
zero. This may in fact be the correct behavior for the actual damage
size distribution, but the order of singularity must be such that the
normalizing constant [Eq. (10)] is integrable over the entire domain
of damage sizes. This requirement could prove dif� cult to enforce
under experimental conditions. In such cases, the PF formulation
of Eq. (6) should be used, where a PDF for actual damage can be
assumed that will be integrable under all cases. As a result, Eqs.
(1) and (6) should be considered the general case LS formulation
and Eqs. (1) and (11) a special case where the actual damage size
distribution is known to go to zero as the damage size approaches
zero. For this analysis, the special case is assumed because of its
simpli� ed Bayesian mathematics and the better observabilityof the
data distributions.
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Composite Damage
To demonstrate the LS approach to structural design, a compos-

ite material system was chosen for investigation. It is felt that the
highest potential payoff of the LS approach may be realized in its
application to composite design, because of the large knock-down
factors typically used and the higher degree of uncertainty rela-
tive to metal designs. A generic graphite–epoxy honeycomb sand-
wich was selected for study because this is the dominant type of
high-performancecomposite structure on commercial aircraft, and
so service-induceddamage data derived from the commercial � eet
will be most applicable to this con� guration.Very little quantitative
data exist on the distribution of damage sizes in various composite
structural applications.One of the few published examples of such
data is found in Ref. 1. Damage size data were presented for holes,
cracks, and delaminationsin composite aircraft structures,based on
a qualitative survey of maintenance technicians at various airline
and U.S. Navy repair facilities. An excerpt of this data is reprinted
in Table 1, in modi� ed form.

Two-parameterprobabilitymodels for detected damage size may
be � tted to the compositedamage types based on the data in Table 1.
Because of the nature of the data, the type of probabilitymodels that
best � t the distribution of damage sizes cannot be determined, and
must be assumed. Lognormal or Weibull PDFs are often used to
model damage size distributions,and so a lognormal model will be
used here for detected damage size distribution,with a model form
of

p0.a/ D 1

a¾
p

2¼
exp

µ
¡ 1

2¾ 2

2

³
a

µ

´¶
(16)

The values of the model parametersderived from the data in Table 1
are shown in Table 2. The resulting damage size distributions are
plotted in Fig. 1.

The log-odds distributionis the detectionprobabilitymodel used
for the composite damage types. The original form is given by

PD.a/ D
exp[® C ¯ .a/]

1 C exp[® C ¯ .a/]
(17)

The constants ® and ¯ can be reparameterized to yield the form

PD.a/ D .a=a50/
k

1 C .a=a50/k
(18)

The values of the parameters used in the log-odds model for each
damage type are assumed based on the shape of the detected dam-
age distributions derived from Table 1 data. The detected damage
distributions are dependent on the type of inspection method used
to collect the data; however, Ref. 1 does not specify methods of de-
tection for the published � gures. The curves used here are assumed
to represent visual inspection methods for hole and crack damage
and some combination of visual and tap testing for delamination
damage. The parameter values in the log-odds model are chosen to
representdetectionprobabilitiesthat can be reasonablyobtained for

Table 1 Composite damage size data from Ref. 1

Damage size, in.
Damage type <1.5 1.5–3.0 >3.0

Hole damage, % 51.4 34.3 14.3
Delaminations, % 11.1 31.1 57.8
Cracks, % 30 30 40

Table 2 Parameters for lognormal
detected damage size distributions

Damage type µ ¾

Hole damage 1.465 0.672
Delaminations 3.427 0.677
Cracks 2.394 0.891

Table 3 Parameters for log-odds
detection probability distributions

Damage type a50 k

Hole damage 0.5 2.5
Delaminations 2.0 2.6
Cracks 0.8 1.8

Fig. 1 Lognormal PDF for baseline � eet damage.

Fig. 2 Log-odds detection probability functions.

operational inspectionsand that would likely result in the shapes of
the damage size distributionsobserved. Parameter values are listed
in Table 3. The POD distributions are plotted in Fig. 2.

When the formof the log-oddsmodel in Eq. (18) is usedcombined
with the lognormaldetecteddamage model [Eq. (17)], a formula for
the actual damage distribution may be found by solving Eq. (9):

q D .a50=µ/k exp.k2¾ 2=2/

p.a/ D logN .aI µ; ¾ / C qlogN [aI µ exp.¡k¾ 2/; ¾ ]=.1 C q/

(19)

Generally, closed-form solutions for p.a/ cannot be obtained, and
Eq. (9) must be solved numerically.The actualdamagedistributions
are plotted in Fig. 3.

With the probabilitydistributionsfor the compositedamage types
de� ned, the LS for each damage type can be calculated as a func-
tion of critical damage size. Using Eqs. (1) and (11), the LS was
integrated numerically with the SLATEC DQAGI subroutine in
FORTRAN. Absoluteand relativeaccuracy for each integrationcal-
culation was 10¡12. The resulting values are plotted as a functionof
critical damage size in Fig. 4.
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Fig. 3 PDF for actual damage size.

Fig. 4 LS vs critical damage size for composite damage types.

Residual Strengths
When structuresare designedusing the LS approach,an appropri-

ate critical damage size for each damage type must be chosen based
on the service loads and the structural LS desired. Deterministic
analyses of residual strengths as a function of damage size must be
performed to provide the data necessary for making design trades
to meet the safety requirements of the structure. For this demon-
stration, a graphite–epoxy laminate with a Nomex honeycomb core
will be analyzed. Individual ply properties are as follows.

Tension:

E1 D 22:9 Mpsi; E2 D 1:34 Mpsi; º12 D 0:34

G12 D 0:29 Mpsi; X D 350 ksi

"L D 15;300¹"; "T D 5;680¹"; °LT D 21;000¹"

Compression:

E1 D 22:0 Mpsi; E2 D 1:34 Mpsi; º12 D 0:34

G12 D 0:29 Mpsi; X 0 D 295 ksi

"0
L D 13;500¹"; "0

T D 5;680¹"; ° 0
LT D 21;000¹"

Individual ply thickness is 0.005 in. Laminate thickness is cho-
sen as the structural sizing parameter of interest, and three differ-
ent stacking sequences are speci� ed to provide a range of thick-
nesses for design trades: laminate 1 [¡45=0=45=0=90]s , laminate 2
[¡45=0=45=90]2s , and laminate 3 [¡45=0=45=0=90]2s .

Core stiffness was varied for each laminate to prevent global
buckling of damaged specimens during analysis. Core thickness
was 1.0 in. for all laminates. Core properties are as follows.

Core 1:

E1 D E2 D 200 psi; E3 D 20 ksi

º12 D 0:5; º13 D º23 D 0:01

G12 D 20 psi; G13 D 7 ksi; G23 D 3:5 ksi

Core 2:

E1 D E2 D 600 psi; E3 D 60 ksi

º12 D 0:5; º13 D º23 D 0:01

G12 D 60 psi; G13 D 13 ksi; G23 D 6 ksi

Core 3:

E1 D E2 D 900 psi; E3 D 90 ksi

º12 D 0:5; º13 D º23 D 0:01

G12 D 90 psi; G13 D 17 ksi; G23 D 9 ksi

Undamagedtensileand compressivestrengthsof the laminateswere
calculated using � rst-ply failure theory. Three types of damage
were analyzed for the given laminates: core/facesheet disbonding,
facesheetdelamination,and notches.Disbondingwas assumed only
for a single facesheet, and delaminations were assumed only at the
mid-plane of a single facesheet. Notch damage was analyzed for
both a single facesheet and for notches through both facesheetsand
the core. For each damage type, circular and elliptical damage ar-
eas were modeled. Elliptical damage areas have a constant3:1 ratio
of major to minor axes dimensions, with the major axis oriented
perpendicular to the loading direction. An 18 £ 24 in. � at panel
specimen was used for the analysis, with all damages centered on
the panel and loading applied in the lengthwise direction.

To facilitate the investigation of a large number of data points,
a simpli� ed engineering approach was used in calculating resid-
ual strengths for the various damage types. Postbuckling residual
strengths for delamination and disbond cases are determined as-
suming that the buckled area carries a constant load until global
failure is reached. The strain concentration at the buckled edges
is calculated using � nite element models of the panel, with failure
determined when the notch-tip strain exceeds the allowable value.
Strength values for the notched cases were determined using the
Mar–Lin fracture model, with the model parameters modi� ed us-
ing geometric correctionsderived from � nite element models of the
damaged panels. Details of the analysis approach and validation
may be found in Ref. 5.

Results of the deterministic residual strength analyses are shown
in Figs. 5–8, with the data points for elliptical damage plotted as
a function of equivalent circular diameter (dashed lines). Residual
strength results for notches through the total panel thicknessare not
plotted because thesevalues are similar to those for notches through
a single facesheet.

Fig. 5 Postbuckled compressive strength vs disbond size for sandwich
panel.
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Fig. 6 Postbuckled compressive strength vs delamination size for
sandwich panel.

Fig. 7 Tensile residual strength of sandwich panel with notch on one
facesheet.

Fig. 8 Compressive residual strength of sandwich panel with notch on
one facesheet.

Failure Probabilities
With the residualstrengthsof the variousdamage types plottedas

a function of damage size, and the LS for each damage type calcu-
lated as a function of critical damage size, a critical damage size for
eachdamagetypemust be chosentoyieldan appropriatesafetyvalue
at the operating load of the structure. Design charts of LS as a func-
tion of limit load can be constructed by cross plotting the residual
strengthvaluesas a functionof LS. Theseplotsare shown in Figs. 9–

12 for each damage type investigated. Failure probabilities are the
independent variables used in the charts, because the plot results
are much easier to interpret than using LS values. The shapes of the
plots are a functionof the residualstrengthbehaviorand the damage
size distributions used in the probabilistic calculations. Delamina-
tion probability calculations are also applied to disbond damage.

The results indicate that a substantial reduction in residual
strength compared to undamaged sandwich strength must be ac-
cepted before high LS can be realized. This is largely due to the
nature of the data used to estimate the damage size distributions.

Fig. 9 Compressive failure probability for disbonded sandwich panel.

Fig. 10 Compressive failure probability for delaminated sandwich
panel.

Fig. 11 Tensile failure probability for notch damaged sandwich panel.

Fig. 12 Compressive failure probability for notch damaged sandwich
panel.
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Fig. 13 Compressive failure probability for disbonded panel (NDE in-
spection).

Fig. 14 Compressive failure probability for delaminated panel (NDE
inspection).

Damage size data from Ref. 1 represent an aggregate of all carbon–

� ber and glass-� ber reinforcedcomposite structures in service with
the commercial aircraft � eet. As a result, well-designed structures
with high levels of damage resistance are excessively penalized by
poorer performing structures or structures that are located in areas
with high damage accumulation rates. In practice, zoning proce-
duresaregenerallyused to relatedamagecharacteristicsto particular
locationson an aircraft and would reduce much of the conservatism
shown in the plotted results.

Lower failure probabilitiesfor disbondand delaminationdamage
can be found by assuming a POD curve representing an automated
NDE method for detecting these types of damages. Using the log-
odds model, parameters chosen for the NDE POD are

a50 D 0:5; k D 2:6

Failure probabilities are calculated using the NDE detection model
and the actualdamagedistributionestimatedfrom the visual/tap-test
POD model. Results are shown in Figs. 13 and 14.

Example Problem
The design charts shown in Figs. 9–14 are useful in sizing a com-

posite sandwichstructurefor given loadingand safety requirements.
For example, suppose a compression panel is being designed to
withstand an average limit load of 3000 lb/in. (location I) and a load
concentrationof 10,000-lb/in. limit at a particular location (location
II). The panel is subject to disbond and delamination type damage
at both locations, and visual/tap-test inspections are the preferred
method of detecting the damage. The allowable LS for the entire
panel is 99.8% at limit load. When Figs. 9 and 10 are the starting
point, it can be seen that disbonding is the more critical damage
type compared to delamination.From Fig. 9, the thinnest sandwich
facesheet that will support the average 3000-lb/in. limit load and
still exceed minimum safety criteria is the (¡45=0=45=90/2S layup.
This choice of facesheet will yield a maximum PF at limit load of

PFI D 0:0015, for a single disbond at location I. Equation (15) can
be used to calculate the remaining safety margin available to size
the structure at the load concentration:

LS D .1 ¡ PFI /
1.1 ¡ PFII /

1

0:998 D .1 ¡ 0:0015/1.1 ¡ PFII-allow/1

To maintainoverallstructuralsafety,theallowablePF at locationII is
now PFII-allow D 5:01 £ 10¡4. From Fig. 9, it is clear that the required
failure probability for location II cannot be obtained using strictly
visual/tap-testinspectionmethods.Instead,an automatedNDE tech-
nique can be speci� ed at location II, which would improve the fail-
ure probability results enough to meet design safety requirements
(Fig. 13). Changingthe sandwichfacesheetto a (¡45=0=45=0=90/2S

layup at location II, the maximum PF at the 10,000-lb/in. limit load
is PFII D 3:1 £ 10¡4 for a single disbond at location II (from Fig.
13). The overall LS for the structure can now be calculated using
Eq. (15):

LS D .1 ¡ PF I /
1.1 ¡ PF II /

1

D .1 ¡ 0:0015/.1 ¡ 3:1 £ 10¡4/ D 0:9982

Because the calculatedLS value is greater than the allowable value,
the new structure meets the design criteria for safety. This sim-
ple example illustrates the interaction between damage size distri-
butions, inspection methods, structural sizing parameters, that is,
facesheet thickness, and overall safety that is encompassed in a
damage tolerance problem. The example also demonstrateshow an
equivalent LS approach can be used to optimize structural perfor-
mance for a given set of design and safety constraints.

Bayesian Updating
During the preliminary design phase, little information may be

available on the damage tolerance behavior of the evolving design.
LS calculations during this phase will have a high degree of uncer-
tainty associated with the predictions of damage sizes experienced
in service. Bayesian updating provides a powerful statistical tool
for revisingprobabilitydistributionsand reducinguncertaintywhen
new data become available for use. In Bayesian updating, the pa-
rameters that de� ne the distributionshape in a particularprobability
model are themselves treated as random variables, with their own
probability distributions. New damage size data points are used to
reduce the variance of the parameter distributions, with the result
that the damage size distribution is revised to represent a weighted
averageof the old and new data. This techniquehas been previously
demonstrated by Cruse for initial crack depths on a center-cracked
panel problem.10

For the detected damage size distribution with an new damage
size data points, the updated joint PDF of the model parameters are

fu.µ; ¾ j a1; a2; : : : ; an/ /
nY

i D 1

p0.ai j µ; ¾ / f0.µ; ¾ / (20)

The updatedprobabilitydistributionsfor each model parameter can
be found by integrating out the unwanted parameters from the up-
dated joint PDF. The Bayesian updatedvalues for the model param-
eters are simply the means of each marginal parameter distribution.
For the lognormal detected damage size model chosen before, the
log of the damage size is distributed normally:

y D log.a/ » N .¹; ¾ 2/ (21)

¹ D log.µ/ (22)

Conjugateprior distributionsalong with the joint and marginal pos-
terior distributions for the normal probability model have been de-
rived by Gelman et al.11 The lognormal variance parameter ¾ 2 is
distributed scaled inverse Â 2, and the lognormal mean parameter ¹
is distributed normally, but is conditional on the prior value of the
variance parameter:

¹ j ¾ 2 » N .¹0; ¾ 2=·0/ (23)

¾ 2 » inv Â 2
¡
º0; ¾ 2

0

¢
(24)
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When these distributions are applied to Eq. (20), the updated joint
PDF of the model parameters is distributed,

¹; ¾ 2 j y » N ¢ invÂ 2
¡
¹n; ¾ 2

n

¯
·nI ºn; ¾ 2

n

¢

¹n D [·0=.·0 C n/] ¹0 C [n=.·0 C n/] Ny

·n D ·0 C n; ºn D º0 C n

ºn¾ 2
n D º0¾

2
0 C .n ¡ 1/s2 C [·0n=.·0 C n/]. Ny ¡ ¹0/2 (25)

where the new data points are represented in the equations by the
sample mean and variance, respectively,

Ny D 1
n

nX

i D 1

log.ai / (26)

s2 D 1
n ¡ 1

nX

i D 1

[log.ai / ¡ Ny]2 (27)

Note that theupdatedjointPDF parametersareweightedaveragesof
the old and new damage data. The posterior marginal distributions
of the lognormal model parameters are

¹ j y » tºn

¡
¹n ; ¾ 2

n

¯
·n

¢
(28)

¾ 2 j y » invÂ 2
¡
ºn ; ¾ 2

n

¢
(29)

where ¹ is Student-t distributed. To demonstrate this method, de-
lamination damage data are assumed to be collected for a particular
structure of interest. The damage sizes are 1.5, 2.2, 2.7, 3.2, and
5.4 in. The sample mean and varianceare calculatedusing Eqs. (26)
and (27), with the resulting values of

Ny D 1:007 s2 D 0:2239

The prior detecteddamage size distributionis de� ned by the lognor-
mal delamination model parameters from Table 2. Three levels of
uncertaintyin the prior damage size distributionare assumed(levels
I–III) and are shown in Table 4 in order of increasing uncertainty.
The level of uncertainty is quanti� ed by specifying either the vari-
ance or the standard deviation of the lognormal model parameter
distributions[Eqs. (23) and (24)]. In this example, the quantitiesare
expressed as some percentageof the mean. The resulting parameter
values for the distributions in Eqs. (23) and (24) are calculated and
shown in Table 4.

The lognormal model parameter distributions are plotted in
Figs. 15 and 16 and show that, as the level of uncertainty increases,
the distributionsbecome � atter and more dispersed. The new dam-
age size data is then used to update the parameter distributionsusing
Eq. (25), with the results shown in Table 4. The new, updated val-
ues of the lognormal damage size model parameters µ and ¾ 2 are
the means of the marginal posterior distributions in Eqs. (28) and
(29). These values are also shown in Table 4. The prior detected

Table 4 Inputs and results of Bayesian updating of detected
delamination size distribution for varying levels of uncertainty

Parameters Level I Level II Level III

Prior standard 15% mean 30% mean 45% mean
deviation of µ

Prior variance of ¾ 2 10% mean 25% mean 100% mean
¹0 1.221 1.189 1.139
·0 20.60 5.318 2.485
º0 13.17 7.667 4.917
¾ 2

0 0.3887 0.3388 0.2719
¹n 1.179 1.101 1.051
·n 25.60 10.32 7.485
ºn 18.17 12.67 9.917
¾ 2

n 0.3411 0.2824 0.2281
Updated µ 3.251 3.006 2.861
Updated ¾ 2 0.3833 0.3354 0.2857

Fig. 15 Conditional Distribution of median delamination parameter
µ for changes in standard deviation.

Fig. 16 Distributionofdelaminationparameter¾2 forchangesin vari-
ance.

Fig. 17 Bayesianupdatesofdetected delaminationdamagefor varying
levels of uncertainty.

delaminationsize distributionis plotted along with the updateddis-
tributions for the various uncertainty levels in Fig. 17. The results
show that, as the level of uncertainty in the prior distribution in-
creases, the updated distribution is weighted more heavily toward
the new data.The updateddamage size distributioncan then be used
to recalculate the LS values for the structure with the new damage
size data points incorporated. Note that Bayesian analysis cannot
determine the appropriate probability model to use for the damage
size distribution. This can only be accomplished through detailed
data collection and analysis of the damage behavior.

Design Procedure
Based on the analysisof the compositesandwich structure shown

here, a process for damage tolerant design using the equivalent LS
methodology has been proposed and is shown in the � owchart of
Fig. 18. For the design of a new structure, distributions of damage
sizes,numberof occurrences,anddetectionprobabilitiesare initially
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Fig. 18 Flowchart for damage tolerant design using equivalent LS
methodology.

assumed basedon availabledata.Deterministicanalysesusing � nite
element methods and/or structural tests are performed to character-
ize residual strength as a function of the relevant structural sizing
parameters.If the new structureis intendedto replacean older struc-
ture, an allowable value for the LS of the new structure can be ob-
tainedbyperforminga separateLS analysison theexistingstructure.
The LS of the new structuremust then meet or exceed the allowable
value. If the LS for an existingstructure is not obtainable,then an al-
lowablevalueshouldbe chosenbasedon the levelof structuralsafety
risk the designer is willing to accept. The deterministic residual
strengthresultsare thencombinedwith theprobabilisticdamageand
inspection data to size the structure for the required load and safety
level. Once the structurehas been built and put into service,damage
data can be collected from the periodic maintenance inspections
necessary for damage-tolerant structures. This service inspection
data can be used with Bayesian updating to recalculate the LS value
for the structure, resulting in a quantitative measure of safety that
is based on the structure’s actual performance in service. Although
the structurecannot be resized to take advantageof the new damage
data, inspection and maintenance procedures can be optimized to
maintain an equivalent LS throughout the life of the structure.

Conclusions
The equivalent LS design methodology discussed here is an ex-

tensionof reliabilitytheoryandstatisticalanalysistools to thedesign
and maintenanceof damage-tolerantaircraft structures.The method
presents a uni� ed approach to damage tolerance that allows a di-
rect comparisonof relative safety betweenstructuresusing different

materials, construction techniques, loading, or operational condi-
tions. Service inspection capabilities are incorporated directly into
the design process. The use of Bayesian statistical tools provides a
mechanismfor validatingthedamage size assumptionsmade during
the design process and for reducing the level of uncertaintyand risk
over the lifecycle of the structure. The analysis results demonstrate
the applicabilityof themethod in characterizingdamageuncertainty
in composite structuraldesign and show how a quantitativemeasure
of safety can be utilized in the design process to optimize structural
performance.The results also demonstrate that more effort must be
made to collect detailed service damage data for compositedamage
mechanisms and to investigate the probability models that best � t
the data. More work must also be done to extend the method to in-
clude damage growth rates, variable rates of damage accumulation,
inspection scheduling, and other variables. However, the underly-
ing methodologyhas broadpotentialapplicationto damage-tolerant
aircraft structural design with uncertainty.
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